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Proximity Testing to the Reed-Solomon Code

We seek a proximity test V  for RS[F,L,d]m{fIL-’ﬂ: s+ dea(ﬁkd}:
(D completeness: Y {e RS[ﬂ:,L,d] _P\—[Vfﬂ]: l
@ soundness: Vi L->F , it T is §-far From KS[l\’,L,d] than Pr [V(::l]s E(8) (st 8-~ &(8)=0m)

We have seen that:
+ d+1 queries svffice to achieve E(8)=1-8§

L interpolate the answers o any d queries, and check consistency with e answer 1o a random query]
* d+1 queries are heessary to achieve €(8)<|

[omy answers 1o any d queries aqree with some codeword in RSLF,L d] ]

A query complexity of O(d) is usefol only when d« Ll
But in our case |LI=©(d) and d=©O (computation size).
So we need query complexity g<<d (ideally q=poly(logd) or even q=00) ).

Whot do we do?
The above considerations are ¥or FProximity Tests.

We can osk the prover's help, which leads o o ProximiTy Proor.



Proximity Proofs
The prover helps the verifier fo test proximity , eq. to RS[FL,d].

One can consider DiFrerenT MODELS:
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O proximTy The verifier hos oracle access to f:L=F,

f:L=F

1 The goal is to distinguish:
+ { e rs(F,L,d]

" EI ~ ¢ £ s far from RS[FL,d)
PIOP(-\ < VIO?
o - Today we stydy an TOPP for RSIFL,d].




Proximity Proofs for the Reed-Solomon Code

def: (PV) is an TOP of proximity (Iorp) for RS[FL,d] if:
O Commereness: if {feRrs[fF,L,d] then B I<P),vEy=1]=1.
@ Sovwowess: if £ is §-far Crom RS[FLd] then ¥P f\’[(f‘s,VF7=l]sE(6).

FL=F
—
K ~
- <
Ero?u'\) K V::or E-F(-‘\'ciency measures QAYre .asS in an IOF,
L : except. that we .olso . charge for  queries to £

We restrict ovr attention To smooth domains: L is a subgrovp of F* with ILl=2".
[ Similar resvlts hold for other (mvlﬂp\'\cahve or additive) SubgrouPs L of F.]

t+heorem: For every I, smooth domain L.C ﬂ:/ ond d<ILI,
-0 T=F 0=001L))  pt=00L)  r=0(logd- logIF) J

RSLF,L,d] e ToOPP [
£.="1-8" K=O(load) q=O(|03d) v{-:O(lo%ILl)

T his is called +the FRT protocol ,
This TOPP is important in practice. Tts analysis raises elegant questions in coding theory.



Inspiration from the Fast Fourier Transform

~

? A n q are the even coeflicients
We con write any Fo\ynomial _fe ﬂ'—'[x] as %(X")-I-Xk()(") where {'\

The (rodix-2) FFT uses @& Divipe-Anp- ConauER approach:

Evalvate ﬁ(x) on | =<uwy: ( base case: it deg(?)=o then tetorn §(1) )
|. Evalvote fa\::evev\('(?) on = =duw*>. Diagram of L=<w> where W= ST
2. Evalvate h:=0dd(§) on L*=<w®. L={1,wutww o
3. For i=0,,.,L-1: T(w) -%(w"‘)i-w‘ sz\) C={0 w*wiut)
(recall -1=u¥ g0 -siou™¥) §(-w) = (W W) - whh (W) L"={IVw‘*}
F= 11

The nested struocture L2 20% 2 enables recvrsion.
Both subproblems hove holf the size , and he tecursion depth is r=logd.
The totol number of operations is T(ILI)=2-T(W/)+ 0(L) = O(ILl-logIL]) -
Bock o low-degree festing: (T Stk deg(h) e

C{g:f»ﬁ: where §:=even(¥) sotisfies de3(§)<d/L
h:U>F  where he=odd(f) sotisfies des(f\kd/z

Q: Con we devise o Divide- Avd- (ovQUER opproach o low-degree testing?

h are the odd coefficients



Attempt 1: Recurse on Each Subproblem

P((F,L,d),0) F:lL-F V((FL,d)
. Compvl'e §:=even(§), I:==odd(f).

. SQ'\' cazzﬁle , h::F\'Lz . g,hiLﬁﬂ:

,  Sample <L and check £(u)2 g(p)tpmhip)

Fecurse:
9 € RS[F 12 d/2]
héRS[F, 12,d/2]

ProBLEM: linear number of queries (q(d)=3+l~q(d/z)=9(d))

Progiem:  distance decays in esch  fecursion

EXQW\P\Q o M P Py Mo M My My
f:Lof [t[#[ooTalmlole]  sor. corrupted
The consistency check always passes:
9 12> F 257/. Corrupted V/we L 9()“)= ﬂ(/“‘,')'\'/“\h(/"‘l)

257/. Corrupted

(o] e/

1]0]0
h:*-F |o]1]0
Mo MM

t
3

=

Hence distance can drop as §= 8= 8/4— > 8/,

We cannot offord t=w(1) rounds of interaction.



Attempt 2: Fold and Recurse [1/3]

P((F,L,d), ) F:l-F V((F,L,d))
. Compvl'e §:=even(§), I::=odd(f).
+ Set g=4l , h=hlz. gh:L=t Sample. el and cheek Fu)2 gp)tmhlp).
A e

.S_e+ -{:d - 3-\-0(.}']. & - SQV‘\P'( O(C“:.o

f:oF  Check £, ()2 g(pe)+ach(ue) .

Fecurse:

L ERSIF, L2 dl2]

The number of queries is q(cl)= L+q(d/2)=0(logd).
But does random folding work?

First we consider the Noise-Free Case.

CompieTenESs: . if deca(f)q:\ ‘hen deg(ﬁ),deg(f\kd/z so Voel deg(fj’rv('ﬁkd/l

“Souvowvess™  if deg(f)7d then deg(§)>d/z or deg(h)zd/r so Br[deg(§+ah)zdi]> -,

for i= max{de3(§),de3(ﬁ)}, Jj—[deg( §+4-h) < max{deq(q), deg(h)}] = gr[ coeff (X 3) +&- coeff(x\h)=0] <

—

[



Attempt 2: Fold and Recurse [2/3]

P((F,L,d),§) F:L-F V((F.L,d)
. Compvl'e §:=even(§), f\:=odd(f).

+ Set g=4l , h=hlz. 9L Sample pel and check §(u)2 gi)ah(p)
A Sample ot e F,
- Set 'Fo( = CJ+°<-h. < . I ;
biloF | Check § (p) % glpe)+ach(pe).
Fecurse:
L ERSIF, L2 dl2]
Mext we consider the Noisy Case.
Example: fo f o s o g
FoL-f [tlnfofofa[mfofo 507. corrupted
3:]_7‘-> f |4]0]o]o 257. Corrupi‘ed
h:[2->F |ofti]o]o 257. corrupted
Mo ppa M
qrh:U>F [1{x[o]o 507 corrupted?

Random folding seems to preserve distance (ot least whp).



Attempt 2: Fold and Recurse [3/3]

P((F,L,d),§) F:L-F V((F.L,d)
. Compvl'e §:=even(§), f\:=odd(f).

» Set 3:=§|Lz , h::F\'Lz . g,h:L - . SQW\F'Q /M-L ond check {3()\4)7& S(I‘*l)vkh(/k‘).
A | - F.
+Set fu=groch. D Sanple <& F.
b:loF 0 Check ()2 () +ah(pe).
Fecurse:
£ ERSLF,1%dl2]

What if. o cheating prover sends inconsistent. g,hfy?

There are consistency checks : between § and g h; and between g,h and f«.
Tnformally, in each round we pay :

@ an error for the event that 91‘0“\ is close fo RS even if £ is far from RS;

@ oh error cor the event oty a COQSiS\'QnCy check (‘ai\s .

There are r=6(logd) rounds, so these errors should be O(+,)=O(|—o£',q),

The ertor in @ is small. But +he error in ® is O,

What to do?  [i] O(loglegd) queries/round i] improve the protocol .
(leads +o O(logd-loglogd) total queries)




The FRI Protocol

Changes from prior protocol:
* drop 3m\d h (H\Qy are not needed)

* - global multi-round consistency check

These changes lead fo the FRI ProTocoL.
Tt is an IOPP for RSLFLd)={ §:LoF:deg)icd} where L is a subgrovp of F* with IL[=2".

def: ¥V :L~>F VoeF, define Fold(fm): *F as Fold(F,u)(y)= {WHEER 4 o0 J0-FT

query pattern for pel

P((FL,d)% fo:loF V((F,L,d)
L,d)£) ( ) NN

#€eff  Interaction randomness: oo oy, ..., oy & F

.= Fold (-Fo,O(o)
h=Fo f:C2F  Consistency checK randomness: Proapre L 5D o)

—_—

el For each repefition jelt]:

F := Fold ('Fl /°(l)
20 Ul ¥ iefon,.. r1}

f A LR L BUE-E L
oteF () 7 T ok P (™) )
F pi= Fold (‘Fr-v(’(m) F‘-I E"_)H: | eridbing @has: p é KS[ F l}r J /Zr]
—_— 3 r 71— :
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Completeness PFLAS)  BLF V((FLd)

%€ fF Tnteraction randomness: oo,oft, ..., oy ¢ I
F' := Fold (‘Fo,o(o) !

lemma:  FRI hos P“'kcjf COI“P'UQ')(SS fil=F ,  Consistency checK randomness: m,,.,m, «L
E°('€'F For each repetition jeltl:
prost: Supnose Hhat J. €RS[F,L,d1 54 L Vieton e
- Suppose that o L,al L2 lefo1 .. r1 |
e E 2 B 2,") ) i ¥) - £ ,\‘)
so Hat deg(f)<d wcr (AN TRUELHAL o B8 -Hos
. . ) ‘ Fr:‘: Fold (‘Fr-u,O(r_') ‘Frl-l‘:"ﬂ: |_ ) ch : 7 lrd I’]
Fix interoction randomhess: s on-degree check: f, € RS[FF, L%, d/2" ).

olo,ol, .., X, € FF.
For every iefo,,..,r-1Y, the i-th check pasces V/m’jel_’i by definition of Told(fi,u) .
Moreover foe RS[F,L,d] implies - RS[F,12,dfr] so the degree check also passes.
claim: for every iefo,.,r}Y: fieRs[F L% A1 = Ve €, Fold(f:,) € RSCF, 12", d/2"]
proo}: The hypothesis implies that deg(fikd/z;, $0 dqa(ev¢n(§))<d/ziu and dqa(odd((?;)hd/ziu.

3]

Fix wie . By definition, deg ([Fod (F)) < 102" Also, deg(even(f) +ot 0dd(R)) < d/a,
For every szelfiﬂ, even(£)(¥%) + ot 0dd () (¥?) = 'S\;(K)’rj;l-lf) +o(i.":.(?f);;§i(-¥) - g,(x)!fzﬁl-lf) + o6 %(K); 5i(-¥)
= Fold (f,4)(3*) = Fo!d(/m(a‘). Hence m) = even (§) +oti 0dd (§) so dqs(m)< A |
Erriciency: » prover time s O(ILI+ILi/241Ll/g ¢+ ILL/r)= O(IL1)

o verifier time is O(E-r+(LI/2") = O(kt-logd) when r=legd and ILI=B(d)

* . query. complexity is O(k-r+il/2") = Ok Jogd) when r=logd and ILI=B(d)
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Intuition: A Simple Attack Pl P V(R L)

&P Tnteraction randomnecs: ooy, ..., &
RS A
We build intvition via a Simple Yattack". fel2F © Consistency check randomness: My Mg L
ﬂ For each repetition jelt]:

claim: 3 f,:L>F Hat is S-far from RS[F,Ld] L1 ¥ e 1
2L l€ezo,,...,r-1

—
and 3P st B[CP V" 2=1]7 max{g, -8 | B (p7) ¥(M,)+1“(M‘ oo, R -108)
o1 € F " 2/44%‘
proof:  Spli+ L into two sets [o and L, with LR Low-degree. check: ’Cre RSCF, 5 dr).

ILol= (-8)-I1L] and [Lil=§-IL]
Keeping elements with the same  square fogether: (If pely then —pmely.)

e
Consider this fo:LoF that is &for from RS[FLd]: ¥°(/u)=={ i pmelo 00 ~00, —
(W) |¥' eL| Lo I
where 3(x)=ax+l> is non-zero on L ond a#o. ar 4
For every o€, Fold(fo,de) ()= io«.,fl: :‘E ﬁ:‘l: Tndeed: ‘3"""8""’ 4o ‘é‘f*’ 9"‘) - b+ dea.

The prover P sends £, 8 that (always) are 2ero functions.

o Yaoa,., o, ef, B [(P V{:o (, (Ms,-ue)) D= 175 0-8)° (Vje[t], MieLo = |-th consiskency check lmsszs)
/“/ /Fe

¥ el Vot due® BLCP VR guop)=1]= 1 (g0 = Vel Fold(fot))=o)

{p(/u) it melo

Note: the same idea works with fo(pm Qi it pel,

Hence the case pzo- is hot special

where ng(P)(d and V/ueL. p(r\)#s(/u\).
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foloF o V((F,L,d))

Soundness
LoelF Tnteraction randomnecs: oo,ofi, ..., oy ¢ I
. l—) o .
INe sow a lower bound on soundness etror: #L2F " Consistency check randomness: m, .., L
ﬂ For each repetition jelt]:

claim: 3 §:L>F that is S-far From RS[F,L,d] [ ¥ e }
2L l€20,1,..., -1

and P st P"RP Vfo? il '"“x{uﬂ' ("‘S)&} L ) H;A,)n“()Az o, Silp) - H»‘
‘S’)l-n f‘ +
A €F /4
Here is an Vpper bound floF Low-degree. check: FreKS[rF,lf,d/zf],

theorem: TE fo:L~F is §-far from RS[F,L,d] then

c(ﬁj) IS o vniversal constant

V'P Pr [<P VF(a) l] < O(“_') ( —min{d/c(ldrl)})t 'H\Q*' dQFQnC‘S on the rote d/lLl

More precisely, y ;B;r.' [/A%pe[ <§,VF( t;(«»’(’,/«’i))?:l] < (l—min {q, C(l%)})t ] 2 |- .,(),(Illa_:ll)

We prove the theorem in the next lecture.

The proof relies on fundomental statements obout WoRST-Is- AVERAGE-CASE DISTANGES TO SUBSPACES,
K NOWN: tighter upper bounds (usina algebraic  geometry and algebraic function Lields )

OPeN: 'l’igH‘ soundnass ana’ysis (14 would lead +o Q{&‘acizncy qains in practice )
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